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THE STABILITY OF FINITE SETS IN DYADIC GROUPS
TOM SANDERS
Abstract. We show that there is an absolute c ą 0 such that any subset of F8
2
of size
N is OpN1´cq-stable in the sense of Terry and Wolf. By contrast a size N arithmetic
progression in Z is not N -stable.
Arithmetic stability is a concept introduced by Terry and Wolf in [TW19] which quickly
leads to many lines of questions. It is the purpose of this note to highlight one such line.
Formally, suppose that G is an Abelian group and A Ă G. For k P N we say A has the
k-order property (in G) if there are vectors s, t P Gk such that si ` tj P A if and only
if i ď j – we say that s and t witness the k-order property – and it is k-stable if it does
not have the k-order property.
The definition of the k-order property is inspired by the model-theoretic order property
of formulas [She71, Definition 2.2]. Indeed, in the setup of [She71], the formula x` y P A
has the order property if and only if A has the k-order property for all k P N.
The model-theoretic stability of a formula has many equivalent definitions (see [She71,
§2]) one of which is the negation of the order property. (Hence the terminology above.) It
also extends to theories; a simple example of a stable theory is the theory of pG,`, 0q when
G is a direct sum of a divisible group and a group of bounded order [Mac71, Theorem 1]1.
The problem of determining when stability is preserved under the adjoining of a pred-
icate was opened up in [CZ01], and the particular case of adjoining sets of integers as
unary predicates to the theory of pZ,`, 0q has been pursued recently in [PS18, Con18]
and [Con19]. Adjoining the natural numbers makes the theory unstable, and the present
work might be seen as part of a quantitative investigation into whether there are subsets
of dyadic groups that behave as badly as the naturals do in the integers.
We say that sets S and T witness the k-order property if there is an enumeration of S
as s1, . . . , sk and T as t1, . . . , tk such that s and t witness the k-order property. It is useful
to observe that if s, t P Gk witness the k-order property in A and σ and τ are permutations
of t1, . . . , ku such that s1 :“ psσpiqqi and t1 :“ ptτpjqqj also witness the k-order property in
A, then σ and τ are both the identity permutation.2 In particular, if s, t P Gk witness the
k-order property then the sis are all distinct (and similarly for the tjs); and if sets S and
T witness the k-order property then the associated enumerations are unique.
1And the fact that totally transcendental theories are stable.
2Indeed, since τ is a surjection and s and t witness the k-order property the set tτpjq : sσpiq` tτpjq P Au
has size k`1´σpiq. On the other hand since s1 and t1 witness the k-order property the set tj : sσpiq`tτpjq P
Au “ tj : s1i ` t
1
j P Au has size k ` 1 ´ i. Since τ is a bijection k ` 1 ´ σpiq “ k ` 1 ´ i and so σpiq “ i,
and the same arguments work for τ .
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We begin with the following simple proposition.
Proposition 1.1. Suppose that A Ă G has size N . Then A is pN ` 1q-stable.
Proof. Suppose that s and t witness the k-order property in G. Since the tj’s are distinct,
ts1 ` tj : 1 ď j ď ku is a set of k elements contained in A so k ď N , and the result is
proved. 
In some groups this is best possible.
Proposition 1.2. Suppose that A is an arithmetic progression of length N in Z. Then A
is not N-stable.
Proof. Write A “ tx, x ` d, . . . , x ` pN ´ 1qdu, and let si :“ x ´ id and ti “ id for
1 ď i ď N . A simple check shows s, t P ZN witness the N -order property. (c.f. [Sis18,
Lemma 6.3].) 
Given this we ask what happens in groups not containing long arithmetic progressions.
The dyadic group F82 (the direct sum of F2 with itself countably many times) is the
prototypical example of such a group. Its study has been tremendously useful in additive
combinatorics, and we refer the reader to the survey [Gre05] by Green and the sequel
[Wol15] by Wolf for more information.
Theorem 1.3. There is c ą 0 such that every A Ă F82 of size N is OpN1´cq-stable.
[TW19, Example 3] shows that c cannot be improved past 1
2
; we shall develop this to
give the following.
Proposition 1.4. There is c ą 0 such that for all N P N there is a set A Ă F82 of size N
that is not ΩpN 12`cq-stable.
Before turning to the proofs we make two remarks. First, the notion of stability is of
interest in the papers [TW19, TW18] of Terry and Wolf when a set has small stability, and
it is not clear to us whether our work, which sits at the other end of the scale, genuinely
gets at mathematically significant issues.
Secondly, it may well be that there is a rather more direct combinatorial argument and
allied lower-bound construction that significantly simplifies and strengthens the work here;
certainly we do not know how to rule out such a possibility.
Our proof of Theorem 1.3 decouples into two parts. We begin with the ‘modelling’ part.
Lemma 1.5. Suppose that A Ă F82 has the k-order property; |A| ď Kk; and 1 ď l ă 14k
is an integer with l “ ηk. Then there is a natural number n and set A1 Ă Fn2 with
2n “ Opη´10K15kq that has the pk ´ 2l ` 1q-order property.
It is tremendously tempting to note that the Balog-Szemere´di-Gowers theorem [TV06,
Theorem 2.29] applies to show that if A Ă F82 has the k-order property (witnessed by sets
S and T ) and |A| ď Kk then there are sets S 1 Ă S and T 1 Ă T with |S 1|, |T 1| “ Ωpkq and
|S 1 ` T 1| “ OpK3kq. While this seems very well suited, in fact we shall find it easier to
proceed directly.
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Proof. Let s, t P pF82 qk witness the k-order property in A, and let G be the group generated
by AY tt1, . . . , tk, s1, . . . , sku (which is finite) and recall that the si’s and tj’s are distinct.
Put
S 1 :“ tsi : 1 ď i ď lu and S` :“ tsi : l ď i ď k ´ lu ,
and
T 1 :“ ttj : k ´ l ď j ď ku and T` :“ ttj : l ď j ď k ´ lu .
It follows that
|S 1|, |T 1| ě l, |S`|, |T`| ě k ´ 2l and S 1 ` T`, S 1 ` T 1, S` ` T 1 Ă A.
The Ruzsa triangle inequality [TV06, Lemma 2.6] then gives
|S` ` T`| ď |S
` ` T 1|| ´ T 1 ` T`|
| ´ T 1| “
|S` ` T 1||T 1 ´ T`|
|T 1|
ď |S
` ` T 1||T 1 ` S 1|| ´ S 1 ´ T`|
|T 1|| ´ S 1| “
|S` ` T 1||T 1 ` S 1||S 1 ` T`|
|T 1||S 1|
ď η´2K3k ď 2η´2K3 mint|T`|, |S`|u.
We now follow the proof of [GR07, Proposition 6.1]. Let n P N be the smallest positive
integer for which there is a homomorphism φ : GÑ Fn2 such that φ restricted to S` ` T`
is injective. Such exists since S` ` T` is finite, so projection onto the (finite) group it
generates is an example.
Suppose there is some x P Fn2zpφpS`q ´ φpS`q ` φpT`q ´ φpT`qq. Let θ : Fn2 Ñ Fn´12 be
a homomorphism with ker θ “ t0, xu. Then θ ˝ φ : G Ñ Fn´12 is a homomorphism and so
by minimality of n there are elements s, s1 P S` and t, t1 P T` such that
θ ˝ φps` tq “ θ ˝ φps1 ` t1q and s` t ‰ s1 ` t1.
It follows that
φpps` tq ´ ps1 ` t1qq P ker θ “ t0, xu.
Since s ` t ‰ s1 ` t1 we see φpsq ` φptq ´ φps1q ´ φpt1q “ x which contradicts how x was
chosen. It follows that
2n “ |φpS`q ´ φpS`q ` φpT`q ´ φpT`q|.
Let H ‰ Z Ă T` be such that |Z|´1|S` ` Z| is minimal so that
|S` ` Z|
|Z| “ min
" |S` ` Z 1|
|Z 1| :H ‰ Z
1 Ă Z
*
,
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and similarly for H ‰ W Ă S`. By [Pet12, Proposition 2.1] (and the fact that ´A “ A
for all sets in G and φ is injective on S` ` T`) we see that
2n “ |φpS`q ´ φpS`q ` φpT`q ´ φpT`q|
“ |S
` ´ S` ` T` ´ T` ` kerφ|
| kerφ|
“ |2S
` ` 2T` ` kerφ|
| kerφ|
ď |2S
` ` 2T` ` Z `W ` ker φ|
| kerφ|
ď p2η´2K3q4 |Z `W ` kerφ|| ker φ|
ď p2η´2K3q4 |S
` ` T` ` kerφ|
| kerφ| ď 2
4η´10K15k.
Finally, let
A1 :“ tφpsi ` tjq : l ď i ď j ď k ´ lu ,
and let s1, t1 P pFm2 qk´2l`1 be defined by
s1i :“ φ psl`i´1q and t1j :“ φ ptl`j´1q for 1 ď i, j ď k ´ 2l ` 1.
Since φ is injective we see that s1i ` t1j P A1 if and only if sl`i´1 ` tl`j´1 P A, which is true
if and only if l ` i´ 1 ď l ` j ´ 1, which in turn is true if and only if i ď j. We conclude
that A1 has the pk ´ 2l ` 1q-order property and we are done. 
The second ingredient is the following.
Lemma 1.6. There is c ą 0 such that every A Ă Fn2 is Op2np1´cqq-stable.
We shall use the polynomial method from the work of Croot, Lev and Pach [CLP17],
though we follow the sequel [EG17] by Ellenberg and Gijswijt.
We write Sn for the F2-vector space of maps F
n
2 Ñ F2; put
Mdn :“
#
F
n
2 Ñ F2; x ÞÑ
ź
iPI
xi : I Ă rns has |I| ď d
+
,
so that Mdn is linearly independent; let S
d
n be the subspace of Sn with M
d
n as a basis; and
write Mn :“Mnn for the basis of monomials for Sn, so
dimSdn “
dÿ
r“0
ˆ
n
r
˙
“
nÿ
r“n´d
ˆ
n
r
˙
.
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This can be estimated using H , the binary entropy function – we refer to [MS77, §11,
Chapter 10] for the relevant estimate.3 We turn now to the proof.
Proof. Suppose that k is maximal such that A has the k-order property; s, t P pFn2 qk witness
the k-order property in A; and write S :“ tsi : 1 ď i ď ku and T :“ ttj : 1 ď j ď ku.
Suppose that there are elements 1 ď i, j ď k such that si ` ti “ sj ` tj . Without loss of
generality we have i ď j and hence (since 2 ¨ ti “ 0Fn
2
and ´tj “ tj)
(1.2) sj ` ti “ sj ´ ti “ si ´ tj “ si ` tj P A.
It follows that i “ j, and so tsi ` ti : 1 ď i ď ku is a set of k distinct elements – write A0
for this set.
The remainder of the proof follows that of [EG17, Theorem 4] very closely. Let p P `1
2
, 1
‰
be a constant to be optimised later with np an odd integer, and suppose that k ě 2Hppqn`1.
Write d :“ np´ 1 (which is an even integer) and so by (1.1)
1
2
k ě 2Hppqn ě
nÿ
r“d`1
ˆ
n
r
˙
“ 2n ´
dÿ
r“0
ˆ
n
r
˙
.
Writing V :“ Sdn X tF : Fn2 Ñ F2 : F pxq “ 0F2 for all x P  Au and rearranging the above
we get
dim V ě
dÿ
r“0
ˆ
n
r
˙
´ | A| ě |A| ´ 1
2
k.
Let P P Sdn be a polynomial that is 0F2 on  A and of maximal support and write Σ for
the support of P . If |Σ| ă dim V then there would be some Q P V not identically 0F2 with
Qpxq “ 0F2 for all x P Σ, so that Q` P would have larger support. We conclude that the
support of P has size at least |A| ´ 1
2
k and so includes at least half of A0.
Write I :“ t1 ď i ď k : P psi ` tiq ‰ 0F2u so that |I| ě 12k. The matrix pP ps` tqqsPS,tPT
includes the rows pP psi` tjqqkj“1 for i P I. If i P I then P psi` tiq ‰ 0F2 and P psi` tjq “ 0F2
for all 1 ď j ă i, and so the rows generate a space of dimension at least |I|, and hence
rkF2pP ps` tqqsPS,tPT ě 12k.
On the other hand (as in [EG17, (1)]) there are constants cm,m1 P F2 such that
P px` yq “
ÿ
m,m1PMdn:degmm1ďd
cm,m1mpxqm1pyq
“
ÿ
mPM
d
2
n
mpxqFmpyq `
ÿ
m1PM
d
2
n
F 1m1pxqm1pyq for all x, y P Fn2 .
3For completeness H : r0, 1s Ñ R; p ÞÑ ´p log
2
p ´ p1 ´ pq log
2
p1 ´ pq with the usual conventions that
Hp0q “ Hp1q “ 0, and [MS77, Lemma 8, §11, Chapter 10] tells us that
(1.1)
nÿ
r“pn
ˆ
n
r
˙
ď 2Hppqn whenever p P
ˆ
1
2
, 1

and pn P Z.
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It follows from (1.1) again that
rkF2pP ps` tqqsPS,tPT ď 2 dimS
d
2
n ď 2
d
2ÿ
r“0
ˆ
n
r
˙
“ 2
nÿ
r“n´ d
2
ˆ
n
r
˙
ď 21`Hp1´ p2` 12nqn,
and since H is decreasing on
“
1
2
, 1
‰
we conclude that
k ď max
!
2Hppqn`1, 2Hp1´ p2qn`2
)
.
We get the result on putting p :“ 2
3
`Opn´1q, so that Hppq “ H `1´ p
2
˘` op1q. 
It may be worth noting that (1.2) is a special case of a more general fact. Suppose that
s, t P pF82 qk witness the k-order property in A and consider the F82 -valued matrix M with
Mij :“ si ` tj . If 1 ď i ď j ă i1 ď j1 ď k are such that Mij “Mi1j1, then
Mi1j “ si1 ` tj “ si `Mij ` tj1 `Mi1j1 “Mij1 ` 2Mij “Mij1,
which contradicts the fact that 1ApMi1jq “ 0 ‰ 1 “ 1ApMij1q. Put another way we have
Mij ‰ Mi1j1 whenever 1 ď i ď j ă i1 ď j1 ď k. One might hope that this condition alone
requires M to take many different values (and hence A to be large compared with k).
However, it is possible to construct a matrix satisfying this property (and having distinct
values in every row and column) using Opk log kq distinct elements.
Our argument is very similar to the arguments of Dvir and Edelman [DE17] who apply
the Croot-Lev-Pach method to examine the rigidity [Val77, Definition, §6] of certain ran-
dom matrices. The matrix we have to consider is the ‘all-ones’ upper triangular matrix
and as it happens the rigidity of this has been explicitly calculated in [PV91, Theorem 1].
It is very natural to imagine more can be made of this structure.
With these two lemmas we can prove our main result.
Proof of Theorem 1.3. Suppose that A has the k-order property. Let K :“ N{k and apply
Lemma 1.5 with l :“ Xk
4
\
to get n P N and a set A1 Ă Fn2 that has the 12k-order property
where 2n ď OpK15kq. Then apply Lemma 1.6 to A1 to get an absolute c0 P p0, 1q such that
1
2
k “ OpK15p1´c0qk1´c0q. The result follows with c “ c0{p15´ 14c0q. 
The extension of Theorem 1.3 to groups of bounded exponent seems interesting, though
there the constant c would have to depend on the exponent since Proposition 1.2 extends
from integers to any Abelian group if we add the hypothesis |A` A| “ 2|A| ´ 1.
The proof of Lemma 1.5 extends easily, as does much of the proof of Lemma 1.6. In par-
ticular, the Croot-Lev-Pach method has been extended to groups of bounded exponent (see
e.g. the proof of [BCC`17, Theorem A]). However, (1.2) relies on working in characteristic
2 and this would need to be replaced in the more general setting.
It remains to prove Proposition 1.4; we shall show the following explicit version.
Proposition 1.7. For all N P N there is a set A Ă F82 of size N that is not N
1
2´c
´op1q-stable
where c “ log8
´
1` 5´2
?
2
3`2?2
¯
“ 0.152 . . .
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Proof. Write G :“ F82 ; let l P N be a parameter to be optimised later; let R :“
`
2l
l
˘
; and let
S1, . . . , SR be an enumeration of the subsets of r2ls of size l such that Sr Y SR`1´r “ r2ls
for all r P t1, . . . , Ru. (For example, proceed iteratively: first select S1 arbitrarily, then
put SR :“ r2lszS1; select S2 from what remains and put SR´1 :“ r2lszS2; etc.) Write
VS :“ tx P G : xi “ 0 whenever i R Su for S Ă r2ls.
Let u1, . . . , uR, w1, . . . , wR Ă G be such that
(1.3) ui ` wj ` Vr2ls are pairwise disjoint for 1 ď i, j ď R.
(For example by selecting greedily.) For each 1 ď i ď R, let vpiq1 , . . . , vpiq2l be an enumeration
of VSi. Finally, let
∆i,j :“
#
VSi ` VSR`1´j if i ă j!
v
piq
m ` vpR`1´iqn : 1 ď m ď n ď 2l
)
if i “ j
and
A :“
ď
1ďiďjďR
pui ` wj `∆i,jq.
Now
|A| ď 22l
ÿ
1ďi,jďR
2´|SiXSj | “ 22l
ÿ
S,TĂr2ls,|S|“|T |“l
2´|SXT |
“ 22l
lÿ
s“0
ˆ
2l
s
˙ˆ
2l ´ s
l ´ s
˙ˆ
l
l ´ s
˙
2´s
“
ˆ
2l
l
˙
22l
lÿ
s“0
ˆ
l
s
˙2
2´s
ď 24l
˜
lÿ
s“0
ˆ
l
s
˙?
2
´s
¸2
“ 24l
ˆ
1` 1?
2
˙2l
.
Now let
s “ ps1, . . . , sR2lq :“
´
u1 ` vp1q1 , . . . , u1 ` vp1q2l , u2 ` vp2q1 , . . . , uR ` vpRq1 , . . . , uR ` vpRq2l
¯
and
t “ pt1, . . . , tR2lq :“
´
w1 ` vpRq1 , . . . , w1 ` vpRq2l , w2 ` vpR´1q1 , . . . , wR ` vp1q1 , . . . , wR ` vp1q2l
¯
.
Suppose that 1 ď i, j ď R2l, and let 1 ď b, b1 ď R and 1 ď a, a1 ď 2l be the unique integers
such that i “ a` 2lpb´ 1q and j “ a1 ` 2lpb1 ´ 1q, so that
(1.4) si ` tj “ ub ` wb1 ` vpbqa ` vpR`1´b
1q
a1 .
If i ď j then either
(i) b ă b1, in which case si ` tj P ub ` wb1 ` VSb ` VSR`1´b1 Ă A0 Ă A;
(ii) or b “ b1, in which case a ď a1 and si ` tj P ub ` wb `∆b,b Ă A.
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In the other direction, suppose si ` tj P A. Then by definition of A there are some
1 ď i1 ď j1 ď R such that si` tj P ui1`wj1`∆i1,j1. By (1.4) we have si` tj P ub`wb1`Vr2ls
and so by (1.3) we see that i1 “ b and j1 “ b1. Either
(i) b ‰ b1, in which case the fact that b “ i1 ď j1 “ b1 implies that b ă b1 and hence
i ă j;
(ii) or b “ b1, in which case i1 “ j1 “ b and there are elements 1 ď m1 ď n1 ď 2l
such that si ` tj “ ub ` wb ` vpbqm1 ` vpR`1´bqn1 , which substituted into (1.4) gives
v
pbq
a ` vpR`1´bqa1 “ vpbqm1 ` vpR`1´bqn1 . Since SbXSR`1´b “ H it follows that a “ m1 and
a1 “ n1 so that i ď j since m1 ď n1.
It follows that A has the R2l-order property, and taking l suitably in terms of N gives the
result. 
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